We propose the cladding pumped four-mode-group and six-mode-group EDFA designs for mode division multiplexing transmission systems that provide less than 1 dB Differential Modal Gain (DMG) across the wavelength range of 1530-1600nm.
Simulation
The FM-EDFA was simulated using the simulation model described in our previous work [11] . For the noise calculation, we split the wavelength band from 1490nm to 1630nm into 140 equal-width (1nm) wavelength slots. In order to manipulate the erbium ion distribution, we chose to divide the erbium-doped core into several layers whilst keeping the FRIP unchanged, so that the optimal dopant concentration in each core layer can be numerically investigated for minimization of the DMG. For the purpose of reducing fabrication complexity, the number of erbium-doped layers should be as few as possible. Through trials, we have found that at least three-layer and a fourlayer doping structures (shown in Fig. 1 ) are required in order to achieve a DMG of less than 1 dB in the C-band (1530-1565 nm) for the 4M-EDFA and 6M-EDFA respectively. Thus for the 4M-EDFA, there are two structural parameters (i.e. a 1 , a 2 shown in Fig. 1a ) determining the dimensions of the three-core layers and three doping concentration parameters (i.e. ρ 1 , ρ 2 , ρ 3 ) describing the erbium ion concentration of each core layer to be optimized. Similarly, there are three structural parameters (i.e. a 1 , a 2 , a 3 shown in Fig. 1b ) and four doping concentration parameters (i.e. ρ 1 , ρ 2 , ρ 3 , ρ 4 ) to be optimized for the 6M-EDFA. Due to the involvement of more than 5 free parameters, we implemented a GA to establish the optimum choice of the dopant concentration and the dimension of each core layer for the minimization of the DMG. The GA is a generic optimization tool for optimizing multiple parameters simultaneously based on a natural selection process that mimics biological evolution. The GA has been successfully applied to several fiber designs, for example ref. [12] . In the GA implemented here, the fitness function, "F", that is used to evaluate the 'quality' of a given structure and minimized by the algorithm, is defined as: 
where DMG( i  ) is the differential modal gain calculated at wavelength i  and the sum is performed over 5 uniformly spaced points in the interval. For all modeling work in this paper, a total input signal power of 0 dBm at a single wavelength, co-propagating with a pump input power of 2.5W are assumed. It is to be noted here that the total input signal power is equally split into the 6 spatially distinct signal modes in the case of 4M-EDFA (i.e. LP 01, LP 11a , LP 11b , LP 21a , LP 21b and LP 02 ), i.e. -7.78 dBm per mode; and 10 spatially distinct signal modes in the case of the 6M-EDFA (i.e. LP 01 , LP 11a , LP 11b , LP 21a , LP 21b , LP 02 , LP 31a , LP 31b , LP 12a , LP 12b ), i.e. -10 dBm per mode. The amplifier model is run five times (to obtain the DMG values needed at different signal wavelengths) to calculate the fitness function 'F' for a given fiber structure. The free parameters (or the 'genes' of the algorithm) are the structural parameters a i (i.e. a 1 , a 2 , …) and the doping concentration ρ i (i.e. ρ 1 , ρ 2 , …) of the i-th core layer. (1) Four-mode-group EDFA We have chosen to study a double-clad, step-index erbium doped fiber (EDF) with a core-to-inner clad refractive index difference of 0.004 and a core diameter of 23μm. We assume that the fiber is weakly guiding and supports the lowest four transverse mode groups from 1530 nm to 1565 nm, whose modal intensity profiles are shown in Fig. 1a . The diameter of the inner cladding was chosen to be 100μm, compatible with our preferred choice of pigtailed pump diode, and results in a core-to-cladding ratio of about 1: 4.3. The best fiber design (a 1 = 3.074 µm, a 2 = 8.730 µm, ρ 1 = 1.00e+25 m -3 , ρ 2 = 5.71e+24 m -3 , ρ 3 = 9.98e+24 m -3 ) found through the GA is shown in Fig. 1a , here denoted as 'F1'. This 'W' shaped erbium dopant distribution provides similar amounts of overlap between the dopants and the signal modes. The gain and noise characteristics of the best fiber design are plotted in Fig. 2a . A fiber length of 13 m is used to ensure minimal gain tilt across the C-band, as indicated by the blue-shaded region in Fig. 2a . The gain and noise properties in the L-band is also plotted in the pink-shaded region as shown in Fig. 2a . The DMG (shown in red dotted line in Fig. 2a ) is controlled to better than 1 dB from 1530 nm to 1600 nm, with a minimum of 0.26dB at 1553 nm and maximum of 0.90 dB at 1587 nm. In the C band, the modal gains are found to be more than 20 dB with a maximum gain of 23.37 dB for the LP 01 mode at around 1565 nm and a minimal gain of 21.51 dB for the LP 11 mode at around 1538 nm, for the input signal/pump power conditions described in section 2. The NFs shown in Fig.  2a are relatively high (i.e. between 5 to 7 dB) at the short wavelength region (1530-1542 nm) where the gain is relatively low. When the gain is relatively high, in the wavelength region of 1545 nm -1565 nm, the NFs are found to be below 5 dB. In the L-band, the modal gains are much lower than those in the C-band, because the amplifier length is not optimized to achieve high gain in the L-band.
Optimized fiber
(2) Six-mode-group EDFA In this instance the core diameter of the EDF is scaled up to 29 μm so as to support six-mode-groups while keeping the core-to-inner clad refractive index difference and the inner cladding diameter exactly the same as in the previous case. The FRIP and signal intensity profiles of the 6M-EDFA (denoted as 'F2') and its optimal erbium dopant profile (a 1 = 3.030 µm, a 2 = 7.059 µm, a 3 = 11.703 µm, ρ 1 = 3.09e+24 m -3 , ρ 2 = 7.94e+24 m -3 , ρ 3 = 4.15e+24 m -3 , ρ 4 = 9.85e+24 m -3 ) obtained from the GA are shown in Fig. 1b . A fiber length of 12 m is used to ensure minimal gain tilt across the C band, as shown in the blue-shaded region in Fig. 2b . The gain and noise properties in the L-band are also plotted in the pink-shaded region in Fig. 2b . As shown in Fig. 2b , the DMGs (the red dotted line) are found to be below 1 dB with a lowest value of 0.31 dB at 1561 nm and a highest value of 0.91 dB at 1530 nm. The gain and noise characteristics of F2 are similar to that of F1. In the C-band, the modal gains are well above 20 dB with a maximum of 23.47 dB for the LP 31 mode at around 1557 nm and a minimum of 21.38 dB for the LP 01 mode at around 1538 nm. The NFs of the LP 01 , LP 11 and LP 21 modes are relatively high (larger than 5dB) at the short wavelength region (i.e. 1530 -1540 nm) but again become less than 5dB for wavelengths longer than 1545 nm. Again, the modal gains in the L-band are not optimum. However, the optimization of gains in the L-band is beyond the scope of this paper. From more extensive simulations, we have also found that the changes in length or pump powers (in order to optimize gain, NF at certain signal wavelengths) of the amplifiers based on fibers F1 or F2 in general only result in a very small variation of the DMGs (less than 5%).
Conclusion
We applied a Genetic Algorithm to minimize the differential modal gain in cladding pumped EDFAs supporting four and six-mode-groups. The optimum 4M-EDFA and 6M-EDFA designs, exhibiting three-layer and four-layer core structures (denoted as 'F1' and 'F2) respectively, provide less than 1 dB DMG across the C-and L-band. Over 20 dB gain across the C-band is obtained for both F1 and F2 using a forward pump power of 2.5W and EDF lengths of 13m and 12m respectively. The amplifier performance in the L-band can be further improved by optimizing the fiber length and pump power.
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